Abstract Protocol sequences are binary and periodic sequences used for deterministic multiple access in a collision channel without feedback. In this paper, we focus on user-irrepressible (UI) protocol sequences that can guarantee a positive individual throughput per sequence period with probability one for a slot-synchronous channel. As the sequence period has a fundamental impact on the worst-case channel access delay, a common objective of designing UI sequences is to make the sequence period as short as possible. Consider a communication channel that is shared by M active users, and assume that each protocol sequence has a constant Hamming weight w. To attain a better delay performance than previously known UI sequences, this paper presents a CRTm construction of UI sequences with w = M +1. For all non-prime M ≥ 8, our construction produces the shortest known sequence period of UI sequences. Simulation results further show that the new construction enjoys a better average delay performance than other constructions. In addition, we derive an asymptotic lower bound on the minimum sequence period for w = M + 1 if the
sequence structure satisfies some technical conditions, called equi-difference, and prove the tightness of this lower bound by using the CRTm construction.
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Introduction
Protocol sequences are deterministic binary sequences that are used to provide reliable multiple-access for a collision channel without feedback [6] . In this paper, we focus on user-irrepressible (UI) protocol sequences that can guarantee a positive individual throughput per sequence period with probability one for a slot-synchronous channel. Some constructions of UI sequences can be found in [1, 3, 8, 9, 10, 12, 13, 14] . Such a UI property finds applications in delayconstrained service for wireless senor networks or mobile ad hoc networks.
We consider a feedback-free multiple-access channel where channel time is divided into time slots, and assume slot synchronization. There are M (M ≥ 2) active users who want to transmit packets to a common receiver. Each packet must be sent within a time slot. Due to the lack of feedback, there are relative time offsets τ i of user i for i = 1, 2, . . . , M , such that a packet from user i, received at slot t on the receiver's clock, was actually sent at slot t − τ i on user i's clock. These relative time offsets are random, always unknown to the users, but unchanged in a communication session. If exactly one user transmits a packet within a slot, the packet can be received correctly. A collision occurs if two or more than two users transmit simultaneously, and all time-overlapping packets are assumed unrecoverable.
For i = 1, 2, . . . , M , let s i := [s i (0) s i (1) . . . s i (L − 1)] be a binary protocol sequence with sequence period (or length) L assigned to user i. Let Z L = {0, 1, 2, . . . , L − 1} denote the ring of residues modulo L. Given s i , we define the characteristic set of s i by I i := {t ∈ Z L : s i (t) = 1}. We also call I i as a "sequence", although it is actually represented as a subset of Z L . The cardinality of I i , |I i |, is called the Hamming weight of I i or s i . Let
where the addition is performed in Z L , be the shifted version of I i by a relative shift τ i . If the relative time offset of user i is τ i , he or she transmits a packet at time slot t if and only if t ∈ I i + τ i in modulo L. This paper assumes all sequences have the same Hamming weight w (called constant-weight ) and share the same period L.
For convenience sake, for any positive integer
(1)
We say C is user-irrepressible (UI) if I i is unblocked for all i ∈ [M ].
Example 1 One can check that the following C = {I 1 , I 2 , I 3 , I 4 } is a UI sequence set of period L = 35 by (1) . Given two characteristic sets I 1 , I 2 and a relative shift τ ∈ Z L between them. Let H I1I2 (τ ) denote the Hamming cross-correlation between I 1 and I 2 with respect to τ by giving
The maximum Hamming cross-correlation between I 1 and I 2 is defined as
By symmetry, one can see that H I1,I2 = H I2I1 . Let λ c be the maximum Hamming cross-correlation for any pair of distinct characteristic sets in C. We note that λ c measures the maximal mutual interference between any pair of the users in a slot-synchronous channel. In Example 1, one can check that
There are various known UI sequences in literature: Wobbling Sequences (WS) [14] , Extended Prime Sequences (EPS) [17] , the Chinese Reminder Theorem Sequences (CRT) [10] , CRT Sequences in Prime Users (CRTp) [13] and Shift-invariant Sequences (SI) [1, 6, 9] . Table 1 lists the major parameters of these UI sequences.
The primary design objective of UI sequences is to minimize the sequence period L when M is given, as L has a fundamental impact on the worst-case channel access delay, i.e., the maximum waiting time that a message can be successfully received. Let L min (M ) be the smallest L such that a set of M UI sequences of common period L exists. The work in [13] shows that L min (M ) is lower bounded by 8M 2 /9. One can see from Table 1 that SI sequences are the shortest known UI sequences for M ≤ 6, CRTp sequences are the shortest for all prime M ≥ 7, and CRT sequences are the shortest for all non-prime M ≥ 8. Moreover, the work in [10] improves the lower bound on the sequence period from 8M 2 /9 to 2M 2 for the case with constant Hamming weight w = M , and shows that the CRT sequences achieve this lower bound asymptotically. Note that CRTp sequences are not constant-weight.
We now know that CRT sequences are the shortest known UI sequences for all non-prime M ≥ 8, however, their small Hamming weight would possibly yield larger average delay [15, 16] , which is also an important considered metric in the evaluation of channel access schemes. This observation motivates us to investigate short UI sequences with w > M . In this paper, we propose a CRTm construction of UI sequences, which is also based on the Chinese Remainder Theorem [4] . CRTm sequences are with period p M (2M −1), constant Hamming weight M + 1 and λ c = 2, where p M is the smallest prime that is larger than M , for any positive integer M . Both CRT sequences and CRTm sequences are the shortest known UI sequences for all non-prime M ≥ 8, but CRTm sequences have a larger Hamming weight. It will be shown by simulation that this larger Hamming weight would bring better average delay performance. In addition, similar to the improvement of minimum sequence period for w = M in [10] , we derive an asymptotic lower bound of 2M 2 for w = M + 1 if the sequence structure satisfies some technical conditions, called equi-difference, and hence prove the CRTm construction is optimal in the sense that it can achieve this lower bound. Our method can be viewed as a generalization of that in [10] for w = M .
It is worth pointing out that our proposed CRTm construction allows w ≤ (M − 1)λ c , whereas the CRT construction and other known constructions in Table 1 of constant-weight UI sequences all strictly require w > (M − 1)λ c . This latter condition clearly implies the UI property. The difference on the relation between w and λ c makes the proof for the UI property of the CRTm construction very different and more complicated.
We remark that UI sequences are also studied in the context of conflictavoiding codes (CACs) [2, 5, 7, 11] with a different design goal. Unlike UI sequences which assume all users are active, CACs aim to maximize the number of potential users when the sequence length and the number of maximum active users are both given.
The rest of this paper is organized as follows. We set up the definitions and notation in Section 2. Section 3 presents the CRTm construction of UI sequences with w = M + 1, and compares its delay performance with the CRT construction via simulation. Section 4 establishes an asymptotic lower bound on the minimum sequence period with w = M + 1, and proves that the CRTm construction can achieve this lower bound if the sequences are constant-weight and equi-difference. A conclusion is given in Section 5.
Definitions and Notation
Given a sequence set C = {I 1 , I 2 , . . . ,
Let T i,k be a collection of all relative shifts such that
In Example 1, since Let I be a sequence of period L and Hamming weight w. We use d * (I) to denote the set of non-zero differences between pairs of distinct elements in I, i.e., d
Obviously, |d
where the product is performed in Z L . The element g is called a generator of I. If all Is in C are equi-difference, then we say C is equi-difference. In Example 1, I 1 , I 2 , I 3 and I 4 are equi-difference with Hamming weight w = 5 and generators g 1 = 15, g 2 = 13, g 3 = 8 and g 4 = 6, respectively. One can further check that d * (I 1 ) = {5, 10, 15, 20, 25, 30} and thus I 1 is exceptional.
A New Construction of UI Sequences
We start this section with a necessary and sufficient condition for a sequence set to be UI.
and arbitrary relative shifts τ j , j ∈ A, one has
Proof We only consider the necessary part as the sufficient part is simply obtained by letting A = [M ] i . Assume to the contradiction that there exist
is at most M − |A| − 1. Then we always can choose some relative shifts
More precisely, one can iteratively cover one element in the left hand side of (3) by a sequence I k or its shifted version by τ k for some k ∈ [M ] i \ A. This contradicts to (1) .
⊓ ⊔
Now, we present a new construction of constant-weight UI sequences, called the CRTm construction, which is a variation of the CRT construction [10] . Even though the two constructions look similar, the proof of the UI property is very different as the CRTm construction allows w ≤ (M − 1)λ c .
Let p and q be relatively prime integers. Let Z p ⊗ Z q , consisting of all ordered pairs (a, b) with a ∈ Z p and b ∈ Z q , be the direct product of the rings Z p and Z q . There is a natural bijection (ring isomorphism) f :
that is, f preserves addition and multiplication on both sides. If there is no danger of confusion, operations under Z p ⊗Z q are componentwise taken modulo p and q. We will construct sequences by specifying characteristic sets in Z p ⊗Z q .
CRTm Construction: Given M ≥ 4, we set p M to be the smallest prime larger than M . Let
Notice that p M is relatively prime to 2M − 1 due to M ≥ 4 and the Bertrand's postulate, which states that there is always a prime strictly between M and 2M − 2 for any integer M ≥ 4. Then we obtain the characteristic sets of the sequences, I j , by taking the inverse image f −1 ( I j ) for j = 0, . . . , p M . The CRTm construction produces p M + 1 sequences of length p M (2M − 1) and constant-weight M + 1.
Example 2 Given M = 6, the CRTm construction produces 8 sequences of period 77 and constant-weight 7. The characteristic sets are: We now aim to show that any M sequences obtained by the CRTm construction form a UI sequence set. We start with the following lemma that gives an equivalent condition for the existence of UI sequences with constant-weight w = M + 1.
Proof First, we prove the necessary part by contradiction.
(
which contradicts to (2) by setting A = {j, k}.
For the sufficient part, with condition (i) and (ii), as w = M + 1, it is easy to see that I i ∪ j∈[M]i (I j + τ j ) for any i and any relative shifts τ j . It implies that C is UI.
We are ready to prove the UI property of the CRTm construction.
Theorem 1 Any M sequences from the CRTm construction form an equidifference UI sequence set of length p M (2M − 1) and constant-weight M + 1.
Proof Observe that I j has the generator (j, 1) for j = 0, 1, . . . , p M − 1 and generator (1, 0) when j = p M . Thus, the CRTm construction produces p M + 1 equi-difference sequences of length p M (2M − 1). We define d * ( I j ) in the same way as d * (I j ), but with the addition and subtraction done in Z pM ⊗ Z 2M−1 instead of Z pM (2M−1) . It is sufficient to show that each obtained sequence I i , i ∈ {0, 1, . . . , p M }, satisfies the two conditions in Lemma 2. Note that, if H Ii Ij = 1 for any j = i, then both the two conditions of Lemma 2 hold for i.
First, consider i = p M . We claim that H Ip M Ij = 1. Suppose to the con- Second, consider i ∈ Z pM . If H Ii Ij = 1 for any j = i, then we are done; otherwise, H Ii Ij ≥ 2 for some j ∈ Z pM \ {i}, i.e., d
Note that p M is not a candidate for j due to the first part. d 
If 
Intuitively speaking, from the construction of
we call elements (0, 0), (j, 1), (j(M −1), M −1) and (jM, M ) the head, secondhead, second-tail and tail, respectively. The above arguments conclude the following property, say collided property.
If there is a pair of repeated elements between two sequences under some relative shift, the two elements must be {head, tail} of one sequence, and {head, second-tail} or {second-head, tail} of another.
Back to I i , the collided property immediately implies H Ii Ij ≤ 2 for any j = i, i.e., Lemma 2(i). Now, it remains to show that Lemma 2(ii) holds as well. Consider k ∈ B i . If H Ii I k = 1, then the result follows. If H Ii I k ≥ 2 and
, by the definition of I i,k,τ k and condition (i), we have H Ii I k = 2, H Ii Ij = 2 and H I i,k,τ k Ij = 2. By the collided property, both the repeated elements of I k and I j are in the form {head, tail}, while the repeated elements of I i with respect to I k and I j are in the form {head, second-tail} (or {second-head, tail}) and {second-head, tail} (or {head, second-tail}). Since in a single sequence {second-head, tail} is a shifted version of {head, second-tail}, the two {head, tail} pairs of I k and I j are repeated under some relative shift, which contradicts to the collided property. Hence we complete the proof. ⊓ ⊔ To our best knowledge, for all non-prime M ≥ 8, CRTm and CRT sequences both have the shortest known sequence length for the UI property, but the Hamming weight of CRTm sequences is larger by one. To show that CRTm sequences are of more practical interests, we present a performance comparison between CRTm sequences and CRT sequences via simulation. We consider three performance metrics: the maximum individual-delay, average individual-delay and average group-delay. Starting from a random time instant, the individual-delay of a user measures how long a user has to wait until he or she can send one packet successfully. The group-delay is the time duration we should wait until every user has sent successfully at least one packet. For each M , we run 500000 samples to generate uniformly distributed random delay offsets. Table 2 shows that CRTm sequences enjoy better average delay performance than CRT sequences for all examined cases. This phenomena can be attributed to the fact that CRTm sequences produce one more transmitting opportunity for each user in every sequence period. Meanwhile, as expected, CRTm sequences and CRT sequences enjoy the same maximum individualdelay, as they have the same sequence period for all non-prime M ≥ 8. Table 2 Delay performance of CRT sequences and CRTm sequences.
In addition to delay, throughput is another common performance metric in the evaluation of multiple-access channel protocols. We conclude this section by showing that CRTm sequences have a higher average system throughput than CRT sequences, see Table 3 . The average system throughput R(C) of a sequence set C is defined as the fraction of time slots in which the users send out contention-free packets averaged over all possible offsets, and [6, 9] have shown its value can be computed by:
where C = {I 1 , I 2 , . . . , I M } with sequence length L. Note that both CRT and CRTm are constant-weight, so the system throughput is simply put as Table 3 Average system throughput of CRT sequences and CRTm sequences.
A Tight Asymptotic Lower Bound on Sequence Period
In this section, we derive an asymptotic lower bound on sequence period for the equi-difference structure and w = M + 1, and then show this lower bound is tight by using the CRTm construction.
Preliminaries
We start with three basic results which will be useful to derive a lower bound on sequence period.
The following necessary condition for C = {I 1 , I 2 , . . . , I M } of constantweight M + 1 to be UI directly follows from Lemma 2(ii), and thus its proof is omitted here.
Proposition 1 Let C = {I 1 , I 2 , . . . , I M } be a UI sequence set of constantweight M + 1. Then for i = j ∈ [M ], one has
The following result provides an upper bound on |d
Lemma 3 Let I 1 and I 2 be two equi-difference sequences of the same period.
Proof Let g 1 and g 2 are the generators of I 1 and I 2 , respectively. Then I 1 and I 2 are of the form:
Consider the following four sets:
. Now we prove this lemma by contradiction. Suppose |d
which implies that at least one of the four sets d *
Each of the four cases implies that H I1I2 ≥ 3, which contradicts to the assumption that H I1I2 ≤ 2. This completes the proof.
⊓ ⊔
We illustrate Lemma 3 with the following example.
Example 3 Consider the following equi-difference sequences I 1 , I 2 and I 3 of period 40 with generators g 1 = 7, g 2 = 9, g 3 = 17 and Hamming weight 6: 
We also need the following previously known result to quantify the maximum number of exceptional sequences if their non-zero difference sets are mutually disjoint.
Lemma 4 ([11])
Consider Is in Z L whose Hamming weights are all equal to u. Let π(L, 2u − 2) be the number of distinct relatively prime divisors of L between 2 and 2u − 2. There are at most π(L, 2u − 2) exceptional Is such that their non-zero difference sets are mutually disjoint.
A lower bound on sequence period
In order to obtain the minimal number of mutually disjoint non-zero difference sets in a UI sequence set, we set up the following definitions.
For i ∈ [M ], let r i be the smallest integer in B i . Define
F can be further divided into the following two disjoint subsets:
Obviously, |F 1 | = |F 2 | = |F |/2. In Example 1, F = {2, 4} and F 1 = {4}, F 2 = {2}. The motivation of these definitions will be clear after Theorem 2. Given a positive integer M , let L e min (M ) be the smallest period L such that an equi-difference UI sequence set with constant-weight M + 1 exists. We are ready for our main result in this section.
Proof Consider an equi-difference sequence set C = {I 1 , I 2 , . . . ,
such that |I * i,ri | = M − 1, where τ * ri is the smallest element in T i,ri . By Proposition 1, the non-zero difference sets of the following distinct M − |F | + |F 1 | sequences are mutually disjoint:
Similarly, the non-zero difference sets of the following distinct M − |F | + |F 2 | sequences are mutually disjoint:
By Lemma 4, plugging u = M − 1 implies that there are at most π(L, 2M − 4) exceptional sequences in each of (13) and (14) . By Proposition 1, we further have
Since the total number of distinct nonzero differences cannot be larger than the number of nonzeros in Z L , we have:
By Lemma 3 and the condition that H Ii,Ir i ≤ 2 for all i, we have
Combining (15) and (16) 
The second "≥" of the above is due to the fact that there are at most 2π(L, 2M − 4) exceptional sequences in total M sequences, while the last one follows from |F 1 | = |F |/2 ≤ M/2. Taking lim sup on both sides of (17) leads to lim inf
The last identity above is due to Proof Consider M ≥ 4 is not a prime number. By the CRTm construction, we can obtain equi-difference UI sequences of constant-weight M + 1 and period p(2M − 1). Since there are infinitely many primes p and we can always set M = p − 1, we have lim inf M→∞ p/M = 1. Therefore, we have lim inf
This shows that the asymptotic lower bound in Theorem 2 is tight and hence the result follows. ⊓ ⊔
Conclusion
This paper studies UI sequences for bounded-delay data service in wireless multiple-access networks without stringent time synchronization. To achieve a better delay performance than that of previously known constructions, a new construction of UI sequences with constant-weight M + 1 is devised for a system with M active users. The new construction and the previously known CRT construction in [10] both produce the shortest known sequence period for all non-prime M ≥ 8. Moreover, it is shown that the new construction not only enjoys a better average delay performance, but also has a higher average system throughput than the CRT construction, and thus is of more practical interests. On the other hand, an asymptotic lower bound on the sequence period is derived for equi-difference UI sequences with constant-weight M + 1, and is achieved by using the proposed new construction. Our follow-up work seeks to investigate shorter UI sequences by using the methods presented in this paper. In addition, our approaches can also be applied to study more general CACs, without requiring that the Hamming weight is equal to the number of active users.
